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Abstract

The elastic properties and the coefficient of thermal expansion (CTE) of the lithospheric mantle are important parameters
that affect the results of lithospheric modelling. However, there is still no consensus on which values are the most appropriate
to model the lithosphere, and various average values are used for lithospheres of different age, thermal state, and composition.
We present an integrated approach to calculate the elastic properties and the CTE of mantle rocks, based on the mineral physics
of composites and considering the spatial heterogeneity of the lithospheric mantle. The method considers the dependence of
parameters on pressure and temperature, following a procedure based on an extension of the shear-lag model and thermal
expansivity systematics.
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Representative values are calculated for three lithospheric domains: (a) Archean lithosphere, (b) Phanerozoic c
lithosphere, and (c) oceanic lithosphere. For the case of Archean lithosphere, values of CTE between (3.04 and 3.11)× 10−5 K−1

are found to be suitable for modelling, and a constant depth-derivative for P-waves∂Vp/∂z∼ 2.30× 10−3 s−1 is estimated. Resul
for Phanerozoic lithosphere show that no single average value of CTE can be used in modelling. Values range non-linear
(3.25 and 3.47)× 10−5 K−1 at pressures equivalent to depths of 25 and 100 km, respectively. The P-wave velocity variat
depth exhibits a decrease in the range of 25–40 km, followed by almost a constant value of∼8.08 km s−1 between 40 and 60 km
and a systematic increase with a depth-derivative∂Vp/∂z∼ 1.12× 10−3 s−1 from 60 km downwards. The variation in the CTE
largest in oceanic lithosphere. In young plates (�20 Ma), values of the CTE range non-linearly from (3.25 to 3.82)× 10−5 K−1

at pressures equivalent to depths of 10 and 50 km, respectively. In old oceanic lithosphere (∼100 Ma), the CTE is slightl
smaller, showing values in the range of (3.0–3.7)× 10−5 K−1 at 10 and 80 km, respectively, giving a typical average valu
∼3.45× 10−5 K−1. P-wave velocity in young oceanic lithosphere decreases from∼8.14 to 8.0 km s−1 in the first 30 km, then
follows a nearly constant path downwards. In old oceanic lithosphere, on the other hand, a systematic reduction from∼8.2 to
8.1 km s−1 in P-wave velocities is predicted as depth increases from 10 to 80 km.

The effects of heterogeneities in CTE and elastic parameters are particularly noticeable in Archean lithosphere, where
in predicted elevations and geoid heights can reach values of≥300 and∼6 m, respectively, when compared to standard mo
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These effects are less (�40 and 0.25 m, respectively) in Phanerozoic continental and oceanic lithospheres. Uncertainties in
experimental data and geotherms indicate that compositional effects cannot be completely resolved by seismic tomography in
regions with P-wave and S-wave anomalies�±1.5 and±3%, respectively.
© 2004 Elsevier B.V. All rights reserved.

Keywords:Lithospheric mantle; Elastic properties; Thermal expansivity; Mineral physics; Lithospheric modelling

1. Introduction

Lithospheric modelling provides critical informa-
tion for understanding the dynamics of plate tectonics.
The main goal is to obtain a model of the thermal,
mechanical, and structural characteristics of the litho-
sphere, which in turn gives insights about geodynamic
processes such as subduction, delamination, rifting,
etc. The lithospheric mantle plays a major role in
determining the total strength, buoyancy and thickness
of the lithospheric plate. Several methodologies have
been proposed, all of them making use of regional
geophysical observables as constraints to the model.
Half-space and plate cooling thermal models predict
a t1/2 dependence of the ocean-floor topography and
heat flow, wheret is age, as well as a progressive
decrease of the geoid and deflection of isotherms away
from the oceanic ridge (e.g.Parsons and Sclater, 1977;
Stein and Stein, 1992; Schubert et al., 2001). The
continental lithosphere behaves in a more complex
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termines the density of the materials, and consequently
the calculated elevation, gravity, and geoid fields. Al-
though there have been numerous attempts to obtain
representative values of the CTE for the whole man-
tle, there are still ambiguities as to which are the ap-
propriate values for the lithospheric mantle. Proposed
average values given by different authors range from
as low as 1.6× 10−5 K−1 (Stacey, 1992) to as high as
4.2× 10−5 K−1 (Doin and Fleitout, 1996), and they are
commonly used indistinctly for lithospheres of differ-
ent composition and thermal state. Similarly, Pn wave
velocities are also assumed to be homogeneous (with
typical values of∼8.0 km s−1) over long distances,
while they have been shown to be highly variable, rang-
ing from ∼7.6 to 8.6 km s−1 for lithospheres of dif-
ferent ages (e.g.Németh and Hajnal, 1998; Levshin
et al., 2001). Moreover, geophysical models usually
consider a homogeneous lithospheric mantle, with a
composition rich in olivine, mechanically strong, and
denser than the underlying asthenosphere. This picture
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ay than the oceanic lithosphere, due in part to the
resence of a relatively thick and heterogeneous
ontinental crust, and its thermal modelling requires
detailed knowledge of the crustal geometry and its

hermophysical parameters (e.g.,Čerḿak et al., 1993;
eyen et al., 2002; Fernàndez et al., 2004). Deep seis-
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compositional and mechanical properties (e.g.Griffin
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Some of the main parameters controlling the fi
utputs of thermal and seismic models are the e

ic parameters (i.e. bulk and shear modulus) and
oefficient of thermal expansion (CTE) assumed
he lithospheric mantle. The former controls wave
ocities, and therefore the interpretations regarding
hermal state and composition of the mantle. The l
lso affects wave velocities, but more importantly, it
epresentative values of the elastic properties and
or different lithospheres that permit a more accu
odelling.
In this paper, we explore systematically the h

rogeneity of the lithospheric mantle and determ
epresentative values of CTE and elastic param
or lithospheres of different nature and ages. The
wo sections of the paper are devoted to introduce
odels used to calculate both elastic parameters
TE of rocks. Subsequently, we discuss the com
ition and lateral heterogeneities of the lithosph
antle, and the applicability of our methodology
stimate P-wave velocities and CTE in this reg
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In contrast to the majority of previous studies, where
values are calculated from inversion techniques or
experimental data on olivine only (e.g.Parsons and
Sclater, 1977; Stein and Stein, 1992; Doin and Fleitout,
1996; Aizawa et al., 2001), our approach will rest
exclusively on mineral physics of composites. This
approach has several advantages over the previous
analyses due to: (a) inversion techniques imply an
assumed physical model that fully describes the
evolution of the system (e.g. plate model, half-space
cooling model), which does not exist for continental
lithosphere; (b) inversion models give “homogenized”
values for the materials, and therefore cannot provide
relationships between composition and physical pa-
rameters; (c) only mineralogical data give informa-
tion about the temperature and pressure dependence
of the parameters; (d) compositional heterogeneities
prevent the use of experimental data on olivine only;
and (e) this methodology is the only one that pro-
vides an independent approach to test previous esti-
mations.

The elastic properties of mantle rocks, based on
the properties of its constituents only (i.e. minerals),
are calculated by means of the shear-lag model (Cox,
1952), which is here improved and expanded for three-
phase rocks. It is shown that our model gives excellent
predictions of Young’s modulus for two-phase compos-
ites, and good estimates of wave velocities for three-
phase rocks. This model is preferred over other models
(Reuss–Voigt–Hill; Hashin-Shtrikman, etc.) because it
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2. Elastic properties

2.1. Two-phase composites

The shear-lag model was originally proposed for de-
scribing the effect of stress transfer from the matrix to
the embedded discontinuous fibres in fibre-reinforced
composites (Cox, 1952). Although the original model
only considers the load transfer from the matrix to the
fibres by means of shear stresses at the fibre–matrix
interface, several modifications have been made to ac-
count for the stress transfer across the fibres ends (e.g.
Nair and Kim, 1992; Hsueh, 1995; Zhao and Ji, 1997;
Starink and Syngellakis, 1999; and references therein).
The analytical solutions obtained from the governing
equations, and therefore the accuracy of the model,
are largely dependent on the imposed boundary con-
ditions at the fibre end. A common approach is to set
stress boundary conditions, based on various arbitrary
assumptions (e.g.Clyne, 1989; Nair and Kim, 1992).
However, asHsueh (1995)pointed out, this stress is
not a predetermined value, and therefore the bound-
ary conditions cannot be chosen unambiguously. Here
we adopt a scheme similar to that described inHsueh
(1995), with general boundary conditions based only
on well-established mechanical principles. The formu-
lation is, however, modified in order to express the final
analytical solutions in a simple closed form and to ex-
tend the model from two to three-phase composites.

The unit cell is shown inFig. 1. It is composed of
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alid. Finally, we discuss the major sources of
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uniform cylindrical matrix of length 2L and radius
, containing a discontinuous cylindrical fibre with
iusr1 and length 2l. Fibre and matrix are coaxial, a
ylindrical coordinatesr, θ, andx apply, wherer andθ
re the polar coordinates of the projection of a poi

n the polar plane, andx is the distance from the pol
lane, taken at the mid-point of the unit cell, to the p
. The unit cell is subject to a uniform tensile stressσaat

ts ends, where only the matrix is present. The app
tress is parallel to the fibre axis, and it is assumed
here is no sliding between the matrix and the fibre a
nterfacer = r1. At this interface, because the Youn

oduli of the two phases are different, stresses from
atrix are transferred to the fibre by interfacial sh

n the same way, an axial stressσf (x), which is consid
red to be independent ofr, is also transferred at th
nds of the fibre. The assumption of no sliding betw
atrix and fibres implies that the interfacial strengt
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Fig. 1. Schematic drawing of the unit cell and coordinate axes used
for analyzing the stress transfer between the matrix and the short
fibre (shaded). Dashed cylindrical volumes represent the imaginary
fibres added to analyze the stress transfer at the fibre ends.

high enough to resist dissipative mechanisms such as
grain boundary sliding, and therefore anelastic effects
are negligible. We will show further in this paper that
this is a suitable assumption for calculating P-wave ve-
locities at pressures and temperatures pertaining to the
lithosphere (see Section7).

Since the axial and shear stress distribution in and
along the fibre are symmetric with respect to ther-axis,
the equations describing these stresses can be written
as (seeAppendix A):

σf (x) = R2Efσa

S
+ 2A cosh(βx) (1)

τf (r1, x) = −r1βA sinh(βx) (2)

whereEf is the Young’s modulus of the fibre, andH,
Sandβ are given in Eqs.(A14), (A15) and(A17) of
Appendix A.

The coefficientA needs to be determined from
boundary conditions. Here we follow an approach sim-
ilar to that proposed byHsueh (1995), where two fic-
titious fibres (made of the matrix material), each with
lengthL− l and widthr = r1 are added in the region be-
tween the fibre and the ends of the unit cell (dashed in
Fig. 1). This approach is the only one which gives ana-
lytical solutions for the stress distribution in the matrix
region beyond the limitx= l.

The far end of the fictitious fibre (i.e. atx=±L) and
the matrix are acted upon by the uniform stressσa.
The fictitious fibre transfers this stress to the bonded
ends of the real fibre, but because of the distortion of
the stress field in the matrix due to the presence of the
strong fibre, the magnitudes ofσf (l) andσa are neither
the same nor a prescribed value, as assumed in some
previous work (e.g.Nardone, 1987; Clyne, 1989; Zhao
and Ji, 1997; Starink and Syngellakis, 1999). Because
of the similar geometry, we can use Eqs.(1) and(2)
to describe the stress transfer through and along the
fictitious fibre,σff (x) andτff (r1,x), simply by replacing
the Young’s modulus of the matrixEm for Ef in Eqs.
(1) and (2). However, since the stress distribution in
the fictitious fibre is not symmetric with respect to the
mid-point of the fibre (as it is in the real fibre), Eqs.(1)
and(2) can be rewritten as

σff (x) = exp(βfx)c1 + exp(−βfx)c2 + σa (3)

τff (r1, x) = −1
2r1βf [exp(βfx)c1 − exp(−βfx)c2] (4)
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herec1 andc2 are two new constants that need to
etermined from boundary conditions, and

f =
√
H (5)

The most general boundary conditions that ca
pplied to the unit cell are (Hsueh, 1995):

σff (L) = σa; σf (l) = σff (l);

τf (r1, l) = τff (r1, l); τf (r1,0) = 0 (6)

Solving Eqs.(1)–(4)with consideration of bounda
onditions (6) yields the following solutions for t
onstantsA, c1, andc2

=
σa(R2−r2

1)(Em−Ef )
S〈

2 cosh(βl) − β{2 sinh(βl)[exp(βf l)−exp(βf (2L−l))]}
βf{exp(βf l)+exp[βf (2L−l)]}

〉
(7)
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c1 = 2
βA sinh(βl)

βf{exp(βf l) + exp[βf (2L − l)]} (8)

c2 = −c1 exp(2βfL) (9)

Predicted stresses in the fibre and the matrix using
Eqs.(1)–(4) are given inFig. 2. As found previously
(e.g. Nair and Kim, 1992; Hull and Clyne, 1996;
Zhao and Ji, 1997), the interfacial shear stress reaches
a maximum at the fibre ends and a minimum at the
mid-point. The axial stress undergoes a significant
amplification from the applied stress at the end of the
unit cell,σa, to the stressσf (l) acting at the fibre ends.
This effect was verified by finite element analysis
(Nair and Kim, 1992; Hsueh, 2000), and challenges
previous assumptions regarding the stress at the fibre
ends (e.g.Nardone, 1987; Zhao and Ji, 1997).

Eqs.(1)–(9) can be used to predict the elastic con-
stants of two-phase composites. The analysis can be
done basically in two different ways: (a) by calculating
average stresses and strains, or (b) by calculating aver-
age displacements. Both schemes give similar results,
though the former is somewhat more tedious. The de-
tails of the derivation of the equations for these two
methods are given inAppendix B. The Young’s mod-
ulus of the two-phase composite from the shear-lag
model is obtained from

Ec = Lσa

〈
Lσa

Em
+
(

2A sinh(βl)

β
+ lR2Efσa

S
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Fig. 2. Normalized axial and shear stresses predicted by Eqs.(1)–(4)
for Ef /Em = 10, andVf = 0.15 as a function of the normalized axial
distance from fibre midpoint.σf andτf are the axial and shear stresses
in the real fibre and at its interface, respectively.σff andτff are the
axial and shear stresses in the matrix region (i.e. fictitious fibre).

figure and the small difference between the Young’s
moduli of the phases (Ef /Em = 1.08). The mean
absolute error is 1%, which is about the same assigned
to velocity measurements from which the moduli are
derived (S. Ji, pers. commun.). The non-linearity of
the experimental results ofJi and Wang (1999)seems
to be related to the microstructural evolution of phase
connectivity and continuity in the samples (S. Ji, pers.
commun.), although unquantifiable porosity effects
also might affect the results (Ji and Wang, 1999).

2.2. Three-phase composites

In this section, we derive simple analytical ex-
pressions for the elastic properties of three-phase
composites based on the shear-lag model discussed
in the previous section. The structure of a composite
having two minor phases embedded in a matrix is
schematised inFig. 4. A fundamental assumption
behind any model for heterogeneous composites is
that their heterogeneities can be “homogenized” by
choosing a correct representative volume element
(RVE). In the case of a rock we can think that if
there is a major phase and two minor phases, the
matrix of the RVE will be the major phase containing
single inclusions (or fibres) with an equivalent volume
fraction. The volume fractions are represented as

fi = Vi

V
(11)
×
(

1

Ef
− 1

Em

)
r2
1

R2

〉−1

(10)

hereS, β, andA are given by Eqs.(A15), (A17)
nd(7), respectively. The values predicted by Eq.(10)
re compared with extensive experimental data
nite element analysis inFig. 3. Excellent agreeme
etween the published data and the predicted You
odulus of the composites was obtained in all ca
lso plotted in Fig. 3 are predictions based on t
quations presented byJi and Wang (1999)to fit the ex-
erimental data on hot-pressed olivine–enstatite c
osites, and those obtained from the Reuss–Voigt
R–V–H) average method (Hill, 1952). Eq.(10)always
rovides good predictions, even when other meth

ail to do so. Note that the apparent lesser accura
redictions inFig. 3g in comparison with the rest of th
gures is a false impression due to the scale used i
 c
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Fig. 3. Comparison of predicted and experimentally determined Young’s modulus of various two-phase composites. Experimental data (black
dots) from different compilations: (a)Hull and Clyne (1996); (b, c, d, e, i, j)Ravichandran (1994); (f) Watt and O’Connell (1980); (g) Ji and
Wang (1999); (h) Hsueh (2000). Full line: results from Eq.(10); dashed line: Voigt–Reuss–Hill average; dashed-dotted line:Ji and Wang (1999).
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Fig. 3. (Continued).

Fig. 4. Scheme of a “real” rock (a) and of the mechanical idealization
(b) for analysing the Young’s modulus of three-phase composites.

wherefi is the volume fraction of thei-phase andVi and
Vc are the volumes of thei-phase and of the composite,
respectively. Hence, the following relation holds for a
three-phase composite:

Vf1 + Vf2 + Vm = Vc (12)

The real structure of the rock (Fig. 4a) is idealized in
Fig. 4b as a combination of four RVE, each containing
one fibre that represents the sum of the volumes of
the crystals of one single phase divided by two. The
fibres account for the integrated mechanical interaction
of many single crystals. The choice of this particular
configuration of four RVE is justified since it is suitable
to assume that, on average, the rock will contain grains
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that interact mechanically as elements in series and in
parallel at the same time. Therefore, we must take into
account these two mechanisms in describing the final
Young’s modulus of the composite. Referring toFig. 4,
the total volumeV ′

c in RVE 1 is

V ′
c = 1

4(Vf1 + Vf2 + Vm) (13)

and also

V ′
c = V ′

f1 + V ′
m1 (14)

whereV ′
m1 andV ′

f1 are the new matrix and fibre vol-
umes, respectively. The latter is

V ′
f1 = 1

2Vf1 (15)

Substituting Eq.(15) into (13)and(14)we have

V ′
m1 = −1

4Vf1 + 1
4Vf2 + 1

4Vm (16)

from which we obtain the volume fraction of the matrix
in RVE 1.

f ′
m1 = V ′

m1
1
4Vc

= ff2 + fm − ff1 (17)

In the same way, the volume fraction of the fibre in
RVE 1 is

f ′
f1 =

1
2Vf1
1
4Vc

= 2Vf1

Vc
= 2ff1 (18)

The new volume fractions for the fibref ′
f2 and the

m ′ g
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R
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model for two-phase composites. The Young’s modu-
lusECA resulting from the combination of RVE 1 and
3 is therefore

ECA = Ec1Ec2

Ec1f2 + Ec2f1
(21)

whereEc1 andEc2 are the Young’s moduli of the unit
cells containing fibres of the phases 1 and 2 (given by
Eq. (10)), respectively, andf1 and f2 are the volume
fractions of each RVE, considered to be the same and
equal to 1/2. By means of Eq.(21)and the isostrain con-
dition, the final modulus of the three-phase composite
ECT can be expressed as

ECT = Ec1Ec2

Ec1f2 + Ec2f1
(f1 + f2)

+ Ec1Ec2

Ec1f2 + Ec2f1
(f1 + f2) (22)

which, since (f1 + f2) is now equal to 1/2, it can be
rewritten as

ECT = 2Ec1Ec2

Ec1 + Ec2

(23)

In order to check the validity of our model for pre-
dicting elastic constants of rocks composed of three
phases, we compare our results with experimental data
on different rocks. In doing this, it is important to se-
lect only data on three-phase rocks for which the modal
composition is known. Also, the change in elastic mod-
u nsid-
e
T d-
u hree
l ns:
( iax-
i hey
a ming
i ag-
g se of
t pre-
d ; and
(

s
a s-
t ma-
t o
atrix fm2 in the RVE 2 can be calculated followin
he same procedure to give

′
m2 = ff1 + fm − ff2 (19)

′
f2 = 2ff2 (20)

With these expressions for the volume fraction
he RVE, it is possible to calculate Young’s modu
or each RVE by using Eq.(10). Only two moduli are
eeded, since the modulus of the RVE 1,Ec1, is equa

o that of the RVE 4, and the same situation applie
VE 2 and RVE 3, both of them having modulusEc2.

In order to obtain the Young’s modulus of the thr
hase composite, RVE acting in series (i.e. RVE 1
VE 3, and RVE 2 with RVE 4) are considered to
ergo isostress, while the two RVE acting in para
i.e. RVE 1 + 3 with RVE 2 + 4) are assumed to
ergo isostrain load conditions.Ravichandran (1994

ollowed a somewhat similar approach in the unit
li with temperature and pressure needs to be co
red for each mineral before using Eqs.(10) and(23).
able 1lists modal compositions and Young’s mo
li used in the calculations. There are, however, t

imitations that affect the quality of the compariso
a) published elastic moduli are not obtained in un
al or triaxial tests, as it would be preferred, but t
re estimated from velocity measurements assu

sotropy and homogeneity for both monomineralic
regates and polymineralic composites; (b) becau

he boundary conditions applied to the model, its
ictions are expected to give upper bound values
c) this kind of data is limited in the literature.

We assume, therefore, that Young’s modulusE,
hear modulusG, Poisson’s ratioν, bulk modulusK,
nd P-wave velocitiesVp, can be calculated from ela

icity relationships for isotropic and homogeneous
erials (cf.Lay and Wallace, 1995). The Poisson’s rati
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Table 1
Modal compositions (vol.%) and Young’s moduliEused in Eqs.(10)
and(23) for the four tested rocks

Rock Composition E (GPa)a

Peridotiteb S1-S3-S32 (at 0.6 GPa) Ol (73%) 197.2
Opx (21%) 187.2
Cpx (6%) 167

Harzburgiteb BD1675 (at 1 GPa) Ol (60%) 201.22
Opx (24%) 190
Serp (16%) 43.2c

Charnockiteb A2 (at 0.4 GPa) Fsp (64%) 69.9
Qz (30%) 95.56
Opx (6%) 186

Eclogiteb XG 98-15 (at 0.6 GPa) Cpx (50%) 167
Grt (42%) 243
Mica (8%) 90

Ol: olivine; Opx: orthopyroxene; Serp: serpentine; Fsp: feldspars;
Qz: quartz; Cpx: clinopyroxene; Grt: garnet.

a Calculated from data inBass (1995).
b From database inJi et al. (2002).
c Calculated from a rock sample with 98% chrysotile and lizardite

(Christensen, 1979).

of the compositeνc is calculated with the following
formula:

νc = ff1νf1 + ff2νf2 + fmνm (24)

whereνf1, νf2, andνm are the Poisson’s ratios of the
fibre 1, fibre 2, and matrix, respectively. Although Eq.
(24) is strictly an expression for the longitudinal Pois-
son’s ratio (see e.g.Hull and Clyne, 1996), since we are
using the fibre configuration as an averaging method,
there is no a priori obstacle for not using Eq.(24). Pre-
dictions forVp from Eq.(23) combined with Eq.(10)
are compared with available data inFig. 5. The model
provides a good estimate of the measured values, sim-
ilar to those predicted by the well-known R–V–H av-
erage method. The absolute error is found to be�2%
in all cases, which lies well within the best predictions
associated with other methods (see e.g.Ji et al., 2003).

3. Thermal expansion coefficient

3.1. General considerations

The volumetric coefficient of thermal expansion
(CTE) is one of the most important thermophysical

parameters in modelling the dynamics of the Earth’s
interior. It controls the density of the materials, and
therefore fundamental processes such as isostasy,
magma migration, slab subduction, plume structure,
and mantle convection (e.g.Hansen et al., 1993;
Ketcham et al., 1995; Suzuki et al., 1998; Schubert
et al., 2001; Schmeling et al., 2003). Despite the
significance of the CTE in geophysical modelling,
there is no consensus regarding the appropriate values
for lithospheric mantle materials for both oceanic and
continental lithospheres. Currently used values [vary-
ing from (1.6–2.0)× 10−5 K−1 (Stacey, 1992; Jing
et al., 2002) to 4.2× 10−5 K−1 (Doin and Fleitout,
1996)] are generally based only on experimental
data on olivine crystals and/or on inversion tech-
niques, and lateral heterogeneities are not taken into
account.

A number of models have been proposed to model
the CTE of composites, among which the Turner,
Kerner, Eshelby, and Garmong models are the most
popular (cf.Hahn, 1991). However, besides the fact
that they are used only for two-phase composites, these
models account for the elastic interactions between
phases, and none of them gives good estimates of the
CTE when the phases are free to flow in a ductile man-
ner. When this is the case, the simple rule of mixtures
provides the best predictions (e.g.Hahn, 1991; Skirl et
al., 1998):

α
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hereαc is the CTE of the composite,αi andVi are
he CTE and the volume fraction of thei-phase, re
pectively, andn is the number of phases presen
he composite. In the upper mantle, the fastest cha
n temperature capable of generating elastic the
tresses are associated with advection of material
lab subduction, plume rising). However, these
esses have lower rates than those at which ther
astic stresses can be relaxed by rock creep. There
q.(25) is expected to give the best approximation

he CTE of the composite.

.2. Pressure and temperature dependence of CT

The effect of temperature and pressure on
hermal expansivity of the phases must be taken
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Fig. 5. Comparison of predicted and measured P-wave velocities as a function of the volume fractions of different minerals. In all cases, the
volume fraction of the matrix is maintained constant while the volume fraction of the phases are changed continuously (seeTable 1). Solid lines
are the predictions of the model using Eqs.(10), (23), and(24). Dashed lines are Voigt–Reuss–Hill averages. Black dots represent experimental
data. Ae is the absolute error (%), calculated as (|Vpredicted− Vmeasured|/Vmeasured) × 100. In all the cases, the three main constituents comprise
>98% of the sample.

account before using them in Eq.(25). The thermal
dependence is usually expressed as a polynomial
expansion of the form (Fei, 1995):

α(T ) = a + bT + cT−2 (26)

wherea, b, andc are coefficients determined experi-
mentally. The density at a given temperatureρ(T) can
therefore be calculated as

ρ(T ) = ρ0

(
1 −

∫ T

Tr

α(T ) dT

)
(27)

whereρ0 is the density at a given reference temperature
Tr.

The effect of pressure on the CTE becomes
important in thick (i.e. cold) lithospheres. Pressure de-
pendence can be described by the Anderson–Grüneisen

parameterδT (Chopelas, 2000):

α(P, T ) = α(T )

(
ρ(P, T )

ρ(T )

)−δT
ρ(T )
ρ(P,T )

(28)

For pressure ranges within the lithosphere it can
be assumed that the termρ(T)/ρ(P,T) in the expo-
nent is equal to unity without introducing significant
errors. We have used a typical averageδT= 5.5, con-
sistent with theoretical and experimental estimations
(e.g.Reynard and Price, 1990; Anderson et al., 1992;
Chopelas, 2000). The term within brackets represents
the relative change in density with pressure (i.e. com-
pression) along an isotherm and is calculated here using
the isothermal third-order logarithmic equation of state
(ILEoS) (Poirier and Tarantola, 1998):
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Table 2
Parameters used in calculating the pressure and temperature effect on the CTE

Mineral a (K−1) b c da K0 (GPa) K′
0 δT

Olivine (Fo 92-93) 2.26× 10−5 1.3× 10−8 1.33× 10−3 −0.427 129.43 3.8 5.5
Olivine (Fo 90) 2.37× 10−5 1.26× 10−8 1.207× 10−3 −0.465 129.61 4.2 5.5
Orthopyroxene (Enstatite) 2.947× 10−5 2.694× 10−9 −0.5588 – 107.8 5 5.5
Clinopyroxene (Diopside) 3.33× 10−5 0.0 0.0 – 114 4.5 5.5
Spinel 2.94× 10−5 0.0 0.0 – 207.9 5 5.5
Garnet (Pyrope) 2.311× 10−5 5.956× 10−9 −0.4538 – 169.4 4 5.5

Data compiled formFei (1995), Knittle (1995), and Suzuki et al. (1998). K0 = isothermal bulk modulus;K′
0 = pressure derivative ofK0;

δT = Anderson–Gr̈uneisen parameter.
a This parameter is used only for olivine, whose CTE is calculated withα(T) =a+bT+cT−1 +dT−2 (Suzuki et al., 1998), instead of using Eq.

(26).

P = K0
ρ(P, T )

ρ(T )
ln
ρ(P, T )

ρ(T )

×
〈
1 +

(
K′

0 − 2

2

)
ln
ρ(P, T )

ρ(T )

〉
(29)

whereK0 andK′
0 are the isothermal bulk modulus and

its pressure derivative, respectively, andρ(P,T) is the
density at the given pressure and temperature. Using
mineral parameters listed inTable 2, and substitut-
ing Eqs.(26) and (27) into (29), changes in density
with pressure can be calculated and used in Eq.(28) to
obtainα(P,T). The ILEoS is preferred over the well-
known third-order Birch–Murnaghan equation of state
for simplicity, since both give identical results over the
pressure range pertaining to the lithosphere.

The final distribution with depth of the CTE is
the result of the combined effects of temperature
and pressure. In the case of silicates, an increase in
temperature produces an increase in the value of the
CTE. This is shown inFig. 6 for the case of olivine,
orthopyroxene, and garnet. Although the temperature
derivative of the CTE is slightly different for these
minerals (olivine shows the largest variation), all of
them obey this general rule. Also plotted in this figure
is the pressure effect (dashed lines) on the CTE, calcu-
lated with Eqs.(26)–(29), and assuming a continental
Phanerozoic type geotherm (see Section5). It can be
seen that the result of increasing pressure is a reduc-
tion in the value of CTE for the three minerals. The
pressure effect is particularly important in pyroxenes
(seeTable 2).

F r olivin mperature
d alcula erm
(

ig. 6. Variation of the CTE with temperature and pressure fo
ependence of CTE. Dashed lines include the pressure effect c
see text). Parameters used in calculations are listed inTable 2.
e, orthopyroxene, and garnet. Solid lines indicate only the te
ted from Eqs.(26)–(29)assuming a continental Phanerozoic type geoth
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4. Composition and lateral heterogeneities of
the lithospheric mantle

There is abundant evidence from xenoliths and geo-
chemical studies on volcanic suites that the lithospheric
mantle is highly heterogeneous in composition, both
vertically and horizontally (e.g.Wang et al., 1998;
Griffin et al., 1999; Peccerillo and Panza, 1999;
O’Reilly et al., 2001; Yu et al., 2003; and refer-
ences therein). However, although these lateral het-
erogeneities play active roles in geodynamic processes
(e.g.Niu et al., 2003), they are often neglected in litho-
spheric models.

The bulk composition of the lithospheric mantle can
be represented as that of a peridotite, but tectonother-
mal processes can change this average composition
considerably from one place to another. Therefore,
lithospheres with different tectonothermal histories are
expected to have distinctive physical properties and
they should be modelled accordingly.

The compositional heterogeneity of peridotitic
material in the upper mantle can be modelled by dif-
ferent volume fractions of its three main constituents:
olivine, pyroxenes, and an aluminous phase (plagio-
clase, spinel, or garnet). By definition, a peridotitic
rock can vary in composition from almost 100%
olivine (dunite) to∼40% olivine. Rocks with <40%
olivine (e.g. pyroxenites, eclogites) are also important
components of the lithospheric mantle. Moreover,
variations in composition related to age seem to be a
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maximum values of∼3% (Zheng et al., 2001). Olivine
ranges from Fo92 to Fo94 and comprises modal frac-
tions of ∼60% in a typical Archean lithosphere (e.g.
Siberia, Kaapvaal, Slave) (Gaul et al., 2000). Orthopy-
roxene composition is mainly enstatite, which typically
reaches modal fractions of∼32%. These features sup-
port the common assumption that Archean lithosphere
is the product of high-degree partial melting, which
has consumed most of the clinopyroxene during basalt
extraction. As a consequence of this continuous Fe
removal, the solidus of the mineral assemblage rises
while the mean density decreases. Also, since the
solubility of water in basaltic melts is approximately
three orders of magnitude greater than in mantle
minerals (e.g.Hirth and Kohlstedt, 1996), aqueous
fluids might have effectively been removed from the
Archean lithospheric mantle, leaving a “dry” rheolog-
ically strong residue (Afonso and Ranalli, 2004). The
combination of relatively low density, low Fe content,
“dry” rheology, and low geothermal gradients, makes
the Archean lithosphere stable and resistant to mech-
anisms such as convective thinning, delamination, and
reworking.

4.2. Phanerozoic lithosphere

Boyd (1989)andPearson et al. (1994)were among
the first to recognize some fundamental compositional
distinctions between Archean and Phanerozoic litho-
spheric mantles. Phanerozoic continental lithosphere
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ell-established fact in the lithospheric mantle, at l
or Archean, Proterozoic, and Phanerozoic contine
ithospheres (e.g.Hawkesworth et al., 1999; Ga
t al., 2000; Zheng et al., 2001; O’Reilly et al., 200).
s a first approximation, in this paper we distingu

hree major lithospheric domains: (a) Archean lit
phere, (b) Phanerozoic continental lithosphere,
c) oceanic lithosphere.

.1. Archean lithosphere

Archean lithospheric mantle is characterized
ignificant amounts of depleted (Fe-poor) harzburg
nd lherzolites with high Mg/(Mg + Fe) ratios, stron
ubcalcic garnets (low Ca/Al), and low Mg/Si rati
eflecting the high abundance of orthopyroxene (
’Reilly et al., 2001; Zheng et al., 2001). Clinopy-

oxene is subordinate, even in lherzolites, reac
hows the least degree of melt depletion, with high
nd Al, reaching values close to that of the asth
phere (O’Reilly et al., 2001). Re-enrichment process
hrough a number of metasomatic episodes are
only evidenced in mantle-derived xenoliths, altho

he extent to which these processes vary the p
al properties of the mantle is still unclear (Gaul et
l., 2000). Modal clinopyroxene and garnet reach th
ighest average values, close to 20 and 10%, re

ively, although relative abundances can change
ne place to another. The Fo content in olivine
reases to Fo90− Fo91.5, particularly at shallow litho
pheric levels (Gaul et al., 2000; O’Reilly et al., 2001).
he less depleted, hotter, and fluid-rich Phanero

ithospheric mantle is more likely to be affected
ectonic processes, and it might not contribute sig
antly to the total strength of the lithosphere (Afonso
nd Ranalli, 2004).
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Table 3
Modal compositions (vol.%) of Archean continental, Phanerozoic continental, and oceanic lithospheres

Lithosphere Olivine Orthopyroxene Clinopyroxene Garnet Spinel

Archean 60 (Fo 93-92) 32 3 5
Phanerozoic 60 (Fo 90) 17 15 8
Oceanic (<2 GPa) 73.5 21 5 0.5
Oceanic (>2 GPa) 74 19.4 5 1.6

Estimates are based on several works cited in Section4.

4.3. Oceanic lithosphere

Typical samples of oceanic lithosphere from
which modal compositions can be estimated include
abyssal peridotites, harzburgite tectonites, and some
Alpine peridotites. Clinopyroxene-free harzburgites
and dunites are always subordinate. Abyssal peridotites
are the most important for an understanding of the
composition of the oceanic lithospheric mantle, since
they are thought to represent the residues of mid-ocean
ridge basalt (MORB) generation. They show a coarse-
grained texture, with grain diameters ranging from 0.1
to 1 cm, and a clear positive correlation between Mg
and modal olivine content, reflecting their residual na-
ture (Boyd, 1989). During MORB extraction, infer-
tile abyssal-type peridotites are added to the oceanic
plate, forming a shallow layer that will thicken sub-
sequently by thermal accretion. Although the depth at
which MORB are generated, as well as the importance
of successive modifying processes, are still under de-
bate (e.g.Niu et al., 1997; Baker and Beckett, 1999;
Presnall et al., 2002), we follow here the commonly ac-
cepted idea that the mean modal composition of abyssal
peridotites represent a good estimate for the oceanic
lithospheric mantle.

A number of databases containing modal analysis of
abyssal peridotites can be found in the literature (see
e.g.Dick et al., 1984; Niu et al., 1997; Baker and Beck-
ett, 1999; and references therein). They yield typical
modal abundances of 65–84% for olivine, 14–26% for
o gio-
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5. Geotherms, pressure gradient, and phase
change effects

In addition to the influence of compositional vari-
ability discussed in the previous section, other factors
controlling the physical properties of mineral assem-
blages are pressure, temperature, and phase changes
within the lithosphere. The temperature and pressure
effects on mineral properties were already discussed
in previous sections. However, in order to give accu-
rate values of CTE and P-wave velocity for the three
different lithospheric domains, we need to choose rep-
resentative pressure and temperature gradients for each
domain. The thermal effect is incorporated by solving
the steady state, 1D heat conduction equation with ra-
diogenic heat production for a three-layer lithospheric
model (i.e. upper crust, lower crust, lithospheric man-
tle), with type rock parameters and analytical solutions
taken fromAfonso and Ranalli (2004). The resultant
geotherms are shown inFig. 7. The lithospheric ther-
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rthopyroxene, and 1–11% for clinopyroxene. Pla
lase is absent, and spinel content is generally less
.6%. This range of modal compositions is classic
xplained in terms of different degrees of partial m

ng in the source region (Dick et al., 1984), and their av
rages can be taken as representative of the large
ceanic lithospheric mantle composition. The typ
verage modal compositions for the three domain

isted inTable 3.

ig. 7. Type geotherms for the three lithospheric domains consi

n this work (modified fromAfonso and Ranalli (2004)).
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mal thickness is defined for each domain as the depth
at which the respective geotherm reaches the 1300◦C
mantle adiabat. For comparison, xenolith data from
the Siberian, South African, and Tanzanian cratons
(Rudnick et al., 1998), are also included. The pres-
sure effect is only important in thick plates, and in the
case of the CTE it is simply calculated by assuming an
appropriate average densityρ̄ for each domain, and us-
ing the formulaPl = ρ̄gz. Strictly, the lithostatic pres-
sure is a function of temperature, and pressure itself
through the CTE, sincePl depends on density (refer
to Eqs.(27)–(29)), and independent solutions cannot
be obtained simultaneously forρ(P,T), Pl{α(P,T),T},
andα(P,T). In this work we adopt the simplification
of estimatingρ̄ based on temperature only (Eq.(27)).
This is justified for typical lithospheric thicknesses,
where the ratioρ(P,T)/ρ(T) is always lower than∼1.05.
Consequently, the lithostatic pressure can be estimated
and used in Eq.(29). Since we are considering gen-
eral end-member domains, detailed crustal structures
are not necessary. We takēρ in the first 30 km in
continental lithosphere to be constant and equal to
2780 kg m−3. In oceanic lithosphere, a constant value
of ρ̄ = 2900 kg m−3 was assumed for the first 8 km.
The mantle density decreases downwards with increas-
ing temperature following Eq.(27), whereρ0 is the den-
sity of the composite atTr = 300 K, calculated from Eq.
(25), replacingαwith density. Note that if crustal thick-
ness is modified, parameters will change in response to
the pressure variation associated with the change in
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at 2 GPa and 1300 K, molar volumes of olivine,
orthopyroxene, and spinel can be calculated with Eqs.
(26)–(29), giving values of∼45.4, 64.6, and 40.8 cm3,
respectively. Therefore, following the stoichiometry
of Eq. (30), an original sample with 0.5 vol.% spinel
will be reduced (i.e. after all the spinel is consumed) in
orthopyroxene by an amount of∼1.58%, and enriched
in olivine by∼0.55%.

6. Modelling results

Predicted values of CTE and P-wave velocity were
calculated for the three main lithospheric domains de-
fined above. In oceanic lithosphere, two different cases
were considered: a “young” lithospheric section of age
�20 Ma, and an “old” section of age∼100 Ma. When
four-phase rocks are analyzed, the elastic properties
of ortho- and clinopyroxenes are averaged into a single
phase taking into consideration their respective volume
fractions. In this way, the final elastic modulusM is rep-
resented asM= forthoMortho+ fclinoMclino. Temperature
and pressure effects were calculated using the values
in Tables 2 and 4. Results are shown inFigs. 8 and 9as
function of temperature and pressure (i.e. depth). The
depth displayed in these figures can be converted to
temperature, according to the geotherms inFig. 7.

6.1. Archean lithosphere
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ensity. However, pressure effects at Moho levels
elatively unimportant and do not affect significan
he value of the parameters.

Above pressures of∼2 GPa, a phase transiti
ccurs from spinel lherzolite to garnet lherzolite (e
lemme and O’Neill, 2000), changing the relativ
olume fractions of the phases. This transition in
ystem MgO–Al2O3–SiO2 (MAS) can in essence b
ritten as

2Mg2Si2O6 (opx) + MgAl2O4 (spinel)

= Mg2SiO4 (olivine) + Mg3Al2Si3O12 (garnet)

(30)

rom which (taking into account the change in mo
olume with pressure and temperature) the new m
omposition can be roughly estimated. For exam
Archean lithosphere shows the simplest patter
oth CTE and seismic velocities. Cold geotherm

hese regions preclude a significant increase in the
nd are associated with thick lithospheres, which
rease the relative importance of the pressure effe
inerals. This is illustrated inFig. 8a, where at pres

ures�1.5 GPa, the pressure effect prevails over
ffect of temperature, making the CTE decrease

ematically down to depths of∼200 km. The relativel
igh content in orthopyroxene (seeTable 3) in Archean

ithospheres favours this situation because of the st
ressure effect in this mineral (seeFig. 6).

For modelling purposes, the opposite effects
emperature and pressure allow to choose an av
alue for the whole lithosphere, since the varia
ith depth is relatively unimportant. Values betwe

3.04 and 3.11)× 10−5 K−1 are acceptable. Howev
hanging the geotherm in particular cases can
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Table 4
Elastic moduli andP–T derivatives of minerals used in calculating wave velocities

Mineral Ks (GPa) G (GPa) ∂Ks/∂P ∂Ks/∂T (MPa K−1) ∂G/∂P ∂G/∂T (MPa K−1)

Olivine (Fo 92-93) 129.4 79.1 5.13 −16.9 1.79 −13.8
Olivine (Fo 90) 129.5 77.6 4.56 −18 1.71 −13.6
Orthopyroxene (Enstatite) 107.8 75.7 9.6 −26.8 2.06 −11.9
Clinopyroxene (Diopside) 114 64.9 4.6a −24b 2b −11b

Spinel 196.7 108.3 5 −15.7 1.7c −9.4
Garnet (Pyrope-rich) 171.2 92.6 4.93 −19.5 1.56 −10.2

Data compiled fromBass (1995). Ks = adiabatic bulk modulus;G= shear modulus.
a Assumed to be equal to∂K0/∂P, from Knittle (1995).
b Assumed values.
c From other spinel structured oxides.

Fig. 8. Variation of the CTE with depth for the three considered lithospheric domains. Solid lines: predictions from the model; dashed-dotted
lines: polynomial approximations given in Section6; dashed lines: type geotherms. Temperature refers only to the geotherms. Note the different
horizontal scale used in the Archean (a).
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Fig. 9. Variation of the P-wave velocity with depth. Solid lines: predictions from the model; dashed lines: type geotherms. Note the different
horizontal scale used in the Archean (a).

these figures. Nevertheless, variations of more than
±0.06× 10−5 K−1 are unlikely to occur (see Section
7).

Predicted seismic velocitiesVp as a function of
temperature and pressure (i.e. depth) are shown in
Fig. 9a. Values between 30 and 40 km of depth are
in good agreement with estimates of Pn for cratonic
areas (e.g.Németh and Hajnal, 1998; Levshin et al.,
2001; Grad et al., 2002). Archean lithospheres exhibit
a relatively simple pattern ofVp variation. A constant
depth-derivative∂Vp/∂z∼ 2.3× 10−3 s−1 is estimated,
which yields velocities of∼8.6 km s−1 at 200 km of

depth, in agreement with estimates from seismic stud-
ies (e.g.Balling, 1995; Ńemeth and Hajnal, 1998).

6.2. Phanerozoic continental lithosphere

Predictions for the CTE and P-wave velocities
for Phanerozoic continental lithosphere are shown in
Figs. 8b and 9b, respectively. Here, the simple pat-
terns revealed for Archean lithosphere disappear. In
the case of the CTE, an increase with depth is evi-
dent, due to the relatively “hot” geotherm. Since the
lithospheric thermal thickness is∼110 km, pressure ef-
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fects are moderate and temperature dependence dom-
inates the variation of the CTE. The results indicate
a variation from (∼3.3 to 3.5)× 10−5 K−1 at pres-
sures equivalent to 30 and 100 km, respectively. How-
ever, larger variations should be expected with slight
changes in the geotherms and/or Moho depths. Ne-
glecting temperature and pressure dependence in the
CTE can lead to errors of∼20% in subsidence estima-
tions (e.g.Ketcham et al., 1995) and lithospheric thick-
ness. The predicted variation of the CTE with depth
suggests that this parameter can be approximated in nu-
merical models by a simple polynomial expression of
the formα(z) = α1 + α2z − α3z

−2, whereα1, α2, and
α3 are constants of the order of 10−5, 10−8, and 10−4,
respectively, whose precise values need to be deter-
mined for each particular case. Using the geotherm rep-
resentative of Phanerozoic lithosphere (seeFig. 7), we
find α(z) = 3.3 × 10−5 + 2 × 10−8z − 5 × 10−4z−2,
wherez is in km. This expression introduces errors
of <1% in the value of the CTE in a depth range
of 25–100 km with respect to model predictions. Al-
though a polynomial expression can be useful for mod-
elling purposes, the methodology presented in this
work should be used to calculate the pertaining pa-
rameters as a function of temperature and pressure
whenever possible, since uncertainties in geotherms
can result in∼3% error on CTE estimations (see
Section7).

The P-wave velocity variation with depth in
Phanerozoic lithosphere shows a complex pattern. A
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is larger, due to the higher content in olivine and
steeper geotherms. In young plates (age�20 Ma),
values of the CTE range non-linearly from (3.25 to
3.82)× 10−5 K−1 at pressures equivalent to depths of
10 and 50 km, respectively (Fig. 8c). The latter value
is the highest CTE found in this work. Again, the non-
linear variation pattern precludes the use of a single
average value. Using the type geotherm inFig. 7, a
good approximation in a depth range of 8–50 km can
be obtained with the polynomial formulaα(z) = 3.5 ×
10−5 + 7.2 × 10−8z − 2.78× 10−4z−2, with z in km.
When old lithospheres (∼100 Ma) are considered, and
taking into account the phase transformation shown in
Eq. (30), values for the CTE are slightly smaller than
in young oceanic lithospheres. Predicted values lie in
the range of (3.0–3.7)× 10−5 K−1 at pressures equiv-
alent to depths of 10 and 80 km, respectively, using a
type geotherm (Fig. 8d). In this case, the best-fitting
function can be expressed asα(z) = 3.11× 10−5 +
7.9 × 10−8z − 1.5 × 10−4z−2. Independent estima-
tions of average CTE in oceanic lithosphere have
been obtained from inversion techniques.Parsons
and Sclater (1977)reported best-fitting values of
(3.28± 1.19)× 10−5 and (3.1± 1.11)× 10−5 K−1 for
the North Pacific and North Atlantic, respectively.
Stein and Stein (1992)found a slightly smaller value
of (3.1± 0.8)× 10−5 K−1 for the same regions.Doin
and Fleitout (1996)obtained values ranging from
(3.34 to 4.2)× 10−5 K−1, with a preferred CTE of
3.85× 10−5 K−1. Predictions from our model are in
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teep decrease is expected in the range 25–40 km
owed by an almost constant value of∼8.08 km s−1

etween 40 and 60 km, and a systematic incr
ith a depth-derivative∂Vp/∂z∼ 1.12× 10−3 s−1 from
0 km downwards. These velocities are in g
greement with the typical Pn values of abou
.0–8.1 km s−1 measured in Phanerozoic areas,

hough the depth-derivative seems to be slightly
owever, the maximum variability is still small (b

ween∼8.08 and 8.13 km s−1, Fig. 9b) and a near con
tant P-wave velocity is expected in these areas
ection7).

.3. Oceanic lithosphere:�20 and∼100Ma

Oceanic lithosphere exhibits a variation pattern
he CTE similar to that of Phanerozoic continen
ithosphere. However, the amplitude of the varia
ery good agreement with the majority of these
es. Indeed, our mean CTE for old oceanic lithosp

s ∼3.45× 10−5 K−1. However, our estimates indica
hat the values used byDoin and Fleitout (1996)are
oo large to be used as average values in lithosp
odels.
The P-wave velocity variation with depth is pl

ed in Fig. 9c and d. In the case of young ocea
ithosphere the velocity decreases from∼8.14 to
.05 km s−1 in the first 30 km, from where it follow
nearly constant path downwards. These value

onsistent with in situ measurements in young oce
ithospheres (e.g.Canales et al., 1998), although the
apid variation of the geotherms with distance from
idge in these regions makes velocities vary cons
bly (see Section7). In old lithospheres, a reducti

n P-wave velocity with depth is observed. Howe
he pattern is not simple because of the spinel–g
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phase transformation at∼2 GPa. Calculations predict
that the velocity starts to increase at about 1.15 GPa
in the spinel-lherzolite field. Yet, since elastic proper-
ties of garnet are more influenced by temperature (see
Table 4) than those of spinel, this effect is blurred, and
the overall pattern is gradual reduction in P-wave ve-
locities down to depths of∼70 km. However, although
there is experimental evidence that indicates a narrow
transitional zone (e.g.Robinson and Wood, 1998), the
depth at which the phase transformation occurs is still
unclear (e.g.Robinson and Wood, 1998; Klemme and
O’Neill, 2000; Presnall et al., 2002). Consequently, re-
sults for this transitional zone are subject to unquan-
tifiable uncertainties.

6.4. Vp anomalies, geoid anomalies, and elevation

Recent numerical algorithms integrate thermal
regime and regional observables such as gravity, geoid
and elevation in modelling the lithospheric structure
(e.g.Zeyen et al., 2002; Fernàndez et al., 2004). The
density of the lithospheric mantle and its temperature
dependence through the CTE are key parameters link-
ing the equations that describe the lithosphere. The
variations of CTE values with composition/age of the
lithospheric mantle can have noticeable effects on the
calculated elevation and geoid height, and hence on the
lithospheric thickness obtained from these integrated
lithospheric models. On the other hand, the effect on
the gravity anomalies will be almost negligible due to
t
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of the P–T dependence of the CTE. Estimated av-
erage density anomalies for the lithospheric mantle
are 6.2 kg m−3 for Archean lithosphere; 1.0 kg m−3

for Phanerozoic lithosphere; 2.9 kg m−3 for young
oceanic lithosphere; and 0.9 kg m−3 for old oceanic
lithosphere.

Similarly, variations in travel time of P-waves can
be estimated by comparing the obtainedVp values
(Fig. 9) with those predicted by the PREM model
(Dziewonski and Anderson, 1981). For an Archean
lithosphere in the depth range between 40 and 220 km,
the average calculated P-wave velocities from our
model are about 4% higher than those from the PREM
model. Such significant residuals are in agreement with
globalVp tomography studies, which show deviations
of up to +3% in cratonic regions (e.g.Zhou, 1996).
Shear wave tomography also displays deviations of
up to +6% beneath ancient continental lithospheres
(e.g.Ritsema and van Heijst, 2000; Villaseñor et al.,
2001), which result inVp anomalies of∼4% if we
consider that d lnVs/d lnVp ∼ 1.5 for the first 220 km
(Bolton and Masters, 2001). The P-wave velocities
obtained from our model are higher than those pro-
posed byO’Reilly et al. (2001)for Archean litho-
spheres at 100 km depth (8.18 km s−1) inferred from
the same mineralogical composition used in this pa-
per, but applying a different model for aggregates.
However, this value is rather low if we consider that
the PREM model proposes a velocity of 8.07 km s−1

at this depth, which results in an increase of only
+ P
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t and
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he 1/r2 dependence of the gravity field, wherer is the
istance to the density anomaly. These effects ca
uantified in a simple manner by calculating variati

n elevation, geoid height, andVp anomalies relativ
o a reference model with a typical constant valu
.5× 10−5 K−1 for the CTE. In an Archean lithosphe
hose mantle extends from a depth of 40 km d

o 180–220 km, differences of(E∼ 270–348 m an
N∼ 6 m relative to the standard model are obtai

or topographic elevation and geoid height, resp
ively. In Phanerozoic lithosphere, variations are m
ess evident, yielding(E�30 m and(N∼ 0.24 m.
or the oceanic domain (water unloaded), differen
f (E∼ 38 m and(N∼ 0.15 m are obtained for th
ase of a young lithosphere (�20 Ma), and(E∼ 22 m
nd (N∼ 0.2 m for an old lithosphere (∼100 Ma).
hese differences are related to variations in the
rage lithospheric mantle density as a consequ
1.3%. Actually, deep seismic profiling data shown
alues of 8.25–8.35 km s−1 beneath the Baltic Shie
nd the East European Platform (e.g.Kozlovskaya e
l., 2002; Grad et al., 2002) and P-wave velocitie
f up to 8.5–8.7 km s−1 in the range of 125–200 k
epth beneath the Fennoscandian Shield (Ansorge e
l., 1992). Differences between the predictions
ur model and the PREM model are drastically
uced to±0.3% for Phanerozoic and oceanic lith
pheres.

. Discussion

In this section, we evaluate possible error mar
ffecting our results as a consequence of seism

enuation and uncertainties in experimental data
emperature.
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7.1. Attenuation effects

The methodology for calculating the elastic prop-
erties of composites introduced in Section2 relies
on the assumption that both the fibre ends and the
interface along the fibre length are perfectly bonded
to the matrix, and therefore the system is considered
an elastic medium (see alsoAppendix A). Models that
include debonding and “weak” interfaces have been
developed based on the shear-lag model, as well as
on other models (e.g.Yoda et al., 1978; Starink and
Syngellakis, 1999; Li et al., 1999). They indicate that
the average properties of the composite are noticeably
dependent on both the physical properties of the inter-
face and the magnitude and frequency of the applied
stress. However, when the properties of the interface
are not markedly different from those of the phases,
and when the magnitude and frequency of the applied
stress are relatively small and high, respectively, the
effect of debonding is unimportant (Hull and Clyne,
1996; Starink and Syngellakis, 1999). Applied to seis-
mic wave propagation, the assumption of no sliding
between phases implies that anelastic effects such as
grain boundary sliding are neglected in our approach.
In the present context, we request the model to be
valid at relevant seismic frequencies (0.01 <f< 1 Hz)
and at pressure and temperature ranges adequate for
the lithospheric mantle, specifically between∼0.5 and
6 GPa, and 200 and 1300◦C, respectively. In this sec-
tion, we show that physical attenuation (represented in
t c
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d last
3 ter
a per,
1 In
s g the
l a) at
s es
< stic;
( n in
c -
d
a
t ur
c rect
u h

of the thermal lithosphere, and that between 1000 and
1300◦C they are much less affected by anelasticity than
S-wave velocities. WhenQ is considered to be slightly
frequency dependent, phase velocity of P-waves is
related toQp by (Minster and Anderson, 1981; Karato,
1993):

Vp(To, T ) = Vpo
(T )

[
1 −

(
1

2

)
cot

(πα
2

)
Q−1

p (To, T )

]
(31)

where Vpo
is the unrelaxed high frequency wave

velocity at a given temperature,To the oscillation
period, andα a constant with values between 0.2 and
0.3. In the range of 1000 <T< 1300◦C, theQ−1

s for
olivine can be adequately represented by

Q−1
s = A

[
Tod

−1 exp

(
− E

RT

)]α
(32)

whered is the grain size,A= 750 s−α �mα, α= 0.26,
E= 424 kJ mol−1, and R the universal gas constant
(Jackson et al., 2002). Substituting Eq.(32) into Eq.
(31), and using the relation in (d), we finally obtain
for P-waves:

Vp(To, T ) = Vpo
(T )
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Eq.(33)can be used to estimate anelastic effects on
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erms of the specific quality factorQ) due to anelasti
ffects is not a significant factor when calculat
-wave velocities in the lithospheric mantle.
Many studies on the attenuation of seismic wa

ue to anelasticity have been carried out in the
0 years (e.g.Kanamori and Anderson, 1977; Mins
nd Anderson, 1981; Karato, 1993; Gribb and Coo
998; Jackson et al., 2002; and references therein).
ummary, the most relevant conclusions concernin
ithospheric mantle drawn from these studies are: (
eismic frequencies 0.01 <f< 10 Hz and temperatur
1000◦C, mantle assemblages are essentially ela
b) losses in shear are much more important tha
ompression (i.e.QK �QG); (c) Q is weakly depen
ent on frequency in the wide range of 0.001 <f< 1 Hz;
nd (d) under the reasonable assumption ofQK ∼ 0,

henQp = (9/4)Qs. All of the above indicate that o
alculations of P-wave velocities ought to be cor
p to temperatures of∼1000◦C, which encloses muc
-waves in the temperature range 1000 <T< 1300◦C.
ig. 10shows the absolute error in velocity calculati

or various representative values of oscillation per
o (1− 100 s). It is clear that for common values
ttenuation and seismic frequencies the majority o
ata lies well below the value of 0.6%. Only for extre
alues ofQp and frequencies of∼100 and∼0.001 Hz
espectively, Eq.(33) predicts maximum absolute e
ors of∼1% for P-wave velocities calculated witho
onsidering anelasticity. Furthermore, these figure
onsidered to be upper limits due to the influenc
ressure onQp, which tends to reduce physical att
ation (e.g.Jackson et al., 2002).

Hence, it is concluded that anelastic effects are
decisive factor controlling the quality of the res

or P-wave velocities in the lithospheric mantle as
icted by our model. It should be emphasized, howe

hat this conclusion applies only to the lithosph
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Fig. 10. Absolute errors (Ae) in P-wave velocity calculations as a
function of periodTo in the temperature range 1200 <T< 1300◦C.
The error is a measure of the departure of P-wave velocities from elas-
tic behaviour due to anelasticity effects (seismic attenuation) above
temperatures of∼1000◦C. For representative values ofTo (1–100 s),
the absolute error is always well below 0.6%, which represent max-
imum deviations of +0.05 km s−1.

mantle (i.e. uppermost upper mantle), and it should
not be generalized to the whole upper mantle. Seismic
attenuation is a strong non-linear function of tempera-
ture, and can be a significant factor at sublithospheric
temperatures (e.g.Karato, 1993).

7.2. Uncertainties in experimental mineral data
and temperature

Any attempt to estimate the bulk properties of a
multiphase aggregate as a function of the individual
properties of its constituents is subjected to significant,
and often unquantifiable, uncertainties (e.g.Everett and
Arsenault, 1991; Hull and Clyne, 1996). The most im-
portant factors controlling the estimations of CTE and
P-wave velocities for the lithospheric mantle in the
present work can essentially be grouped in two differ-
ent categories:intrinsic (i.e. associated with the model
and its assumptions) andextrinsic (i.e. related to the
input data). Intrinsic effects are mainly due to the av-
eraging technique used in estimating both elastic pa-
rameters and CTE. Since it is virtually impossible to
obtain analytical solutions that include all possible in-
teractions, heterogeneities, and spatial distribution of

each phase and of the aggregate, many simplifications
have to be made. However, applying well-established
physical concepts and suitable combinations of them,
the bulk properties of the composite can be approxi-
mately evaluated and compared to experimental data
to test the validity of the model (cf.Everett and
Arsenault, 1991; Hull and Clyne, 1996; see alsoJi et
al., 2003for a discussion on errors). Extrinsic factors
are more important in the present context for two ma-
jor reasons: (a) they control the behaviour of the phases
due to temperature and pressure changes, and therefore
the final properties of the aggregate; and (b) we do not
have control on them, and consequently they cannot be
modelled accordingly. Foremost among these factors
are the uncertainties in experimental mineral data and
in the selected geotherm.

Laboratory measurements of elasticity and volu-
metric CTE of mantle relevant minerals have been
actively investigated and detailed compilations of
elastic constants, CTE, and their pressure and tem-
perature derivatives are available in the literature (e.g.
Anderson, 1988; Fei, 1995; Bass, 1995; Knittle, 1995;
Chopelas, 2000). Although experimental errors in
single crystals are thought to be negligible, and the
isotropic moduli for the same mineral are reasonably
consistent among different sources, their temperature
and pressure first and second derivatives still exhibit
some discrepancies among different authors (e.g.Bass,
1995; Zha et al., 1998; Fujisawa, 1998). Similarly, val-
ues of CTE and its derivatives in the literature vary as
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uch as∼40 and 10%, respectively, for the same m
ral (e.g.Saxena and Shen, 1992; Fei, 1995). Also, for
linopyroxenes and spinels, the effect of tempera
n the CTE is unknown (Table 2). This scatter in dat

s difficult to evaluate objectively, since discrepanc
re different for different minerals, and possible co
inations are unassessable. However, considerin
pectrum of values given for these parameters, a
itivity analysis indicates that calculations of CTE a
-wave velocities might be affected by experime
ncertainties as much as±8 and±0.8%, respectively
efined estimations of elastic parameters for rele
antle mineral series of complex composition (

yroxenes and garnet) at lithospheric conditions
y computational simulations) are still necessar
educe uncertainties on theoretical estimations.

Uncertainties in the thermal field of a particular
ion also affect the final results due to the tempera
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dependence of mineral properties. Usually, errors as-
sociated with stable Archean lithosphere are less im-
portant than in Phanerozoic terranes, where surface
heat flow can vary between <50 and >90 mW m−2

(Artemieva and Mooney, 2001) and the steady-state
condition not always applies. Hence, for a common
discrepancy of∼100◦C in geotherms in deep portions
of Archean lithosphere, variations of CTE and P-wave
velocities as predicted by our model are unlikely to be
more than±2 and±0.4%, respectively. In Phanero-
zoic regions, the range of possible geotherms and as-
sociated uncertainties are more important, leading to
a greater uncertainty in calculated CTE and P-wave
velocities. As an example of the variability on the re-
sults due to changes in geotherms, we have plotted in
Fig. 11 the variation of CTE and P-wave velocity of
an average Phanerozoic peridotite (e.g.O’Reilly et al.,
2001; Table 3) for a range of realistic geotherms. The
spectrum covered by the two mantle geotherms with
gradients∼17 and 10◦C km−1 should not be directly
correlated with uncertainties in a particular geotherm;
it only indicates realistic bounds for possible Phanero-
zoic geotherms. It can be seen that in the case of seismic
velocities, the variation due to the combined effect of
temperature and pressure makes the isovelocity lines
to be almost parallel to the geotherms (Fig. 11a). This
implies that P-wave velocities should not vary consid-

erably with depth in Phanerozoic lithosphere for a given
geotherm, consequently reducing the variability asso-
ciated with uncertainties in the thermal field. Assum-
ing a rather high uncertainty of∼±15% for a given
geotherm, estimation of P-wave velocities should be
within the error margin of±0.6%. In the case of the
CTE, iso-CTE lines have a smaller dT/dP value than
isovelocity lines, indicating that the pressure effect is
slightly less important (Fig. 11b). Since uncertainties in
lithostatic pressure are smaller than in temperature for
a given geotherm, this change in the slope of iso-CTE
lines assigns a somewhat wider error margin to CTE
estimations in comparison with P-wave velocities. As-
suming the same previous uncertainty for the geotherm,
CTE values can be affected by∼±3% error, which rep-
resents possible CTE variations of±0.1× 10−5 K−1.
Following the same procedure, errors for old oceanic
lithosphere (>100 Ma) are found to be in the range
of ±0.5 and±2% for P-wave velocity and CTE, re-
spectively. In the case of young oceanic lithosphere
(<20 Ma), uncertainties in the thermal field are the
greatest due to hydrothermal circulation in the oceanic
crust (seeLowrie, 1997), and therefore results for P-
wave velocities and CTE are expected to be subjected
to errors >±1.5 and±3%, respectively.

An additional extrinsic source of error results from
the average composition chosen to represent a partic-

F re and d
G he mod
v mbers radiogenic
h ithin th
∼ ively.
ig. 11. P-wave velocity and CTE as functions of temperatu
rt = 8% (Phanerozoic,Table 3). Solid lines are predictions from t

alues in 10−5 K−1 (b). Dashed lines represent possible end me
eat production). Uncertainties of±15% in any given geotherm w
0.1× 10−5 K−1 (±3%) in P-wave velocities and CTE, respect
pressure for a peridotite with Fo90 = 60%, Opx = 17%, Cpx = 15%, an
el. Attached numbers indicate P-wave velocities in km s−1 (a) and CTE
of Phanerozoic mantle geotherms (almost linear due to the low
e shaded areas result in variations of≤±0.05 km s−1 (≤±0.6%) and
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ular lithospheric mantle. We have used average com-
positional estimations from xenoliths data thought to
be representative of the lithospheric domain (Table 3).
Although the oceanic domain seems to be accurately
represented by abyssal peridotites (see Section4), and
consistency is found in xenoliths from Archean litho-
sphere, this might not be true in Phanerozoic domains
(e.g.Peccerillo and Panza, 1999; Hawkesworth et al.,
1999). However, a formal error analysis is not possible
in this case due to the scarcity of detailed information.

The uncertainties discussed above have significant
implications on tomography studies. They suggest that
errors associated with experimental data and thermal
fields can result in velocity anomalies that are compara-
ble to those obtained in seismic tomography (e.g.Zhou,
1996; Vasco et al., 2003). Therefore, even excluding er-
rors induced by the uncertainties on velocity measure-
ments, tomography studies cannot be used to utterly
resolve compositional heterogeneities in lithospheric
domains with P-wave anomalies≤±1.5% (i.e. S-wave
anomalies ≤±3%, assuming d lnVs/d lnVp ∼ 1.5;
Bolton and Masters, 2001). Similar results were re-
cently obtained byArtemieva et al. (2004)using global
correlation coefficients for attenuation, shear velocity,
and thermal structure in the continental upper mantle. It
would be particularly useful to integrate the modelling
of geoid and gravity anomalies, absolute elevation, and
thermal structure, to seismic and xenoliths information
to better constrain possible major compositional vari-
ations in the lithospheric mantle.
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ties have been calculated for three main lithospheric
domains. The results can be summarized as follows:

(1) Archean lithosphere. This shows the simplest
pattern in both CTE and seismic velocities.
The effects of temperature and pressure tend
to cancel each other, permitting to use a sin-
gle average value. CTE values between (3.04
and 3.11)× 10−5 K−1 are acceptable for numer-
ical modelling. Predicted P-wave velocities of
∼8.19 km s−1 at 30–40 km are in agreement with
Pn estimates in these areas. A constant depth-
derivative ∂Vp/∂z∼ 2.3× 10−3 s−1 is estimated,
which yields velocities of∼8.6 km s−1 at 200 km
depth.

(2) Phanerozoic continental lithosphere. No single
average value of CTE can be used in mod-
elling these lithospheric sections. Values range
non-linearly between (3.25 and 3.47)× 10−5 K−1

at pressures equivalent to depths of 25 and
100 km, respectively. A simple polynomial ex-
pression is suitable for modelling purposes. The
best-fitting function isα(z) = 3.3 × 10−5 + 2 ×
10−8z − 5 × 10−4z−2, wherez is depth in km.
The P-wave velocity variation with depth exhibits a
slight decrease in the range of 25–40 km, followed
by almost a constant value of∼8.1± 0.02 km s−1

down to depths of∼100 km. A small depth-
derivative∂Vp/∂z∼ 1.12× 10−3 s−1 is found from
60 km downwards.
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. Conclusions

We have presented a new approach to calc
lastic properties and CTE of mantle rocks, base

he mineral physics of composites, and conside
he spatial heterogeneity of the lithospheric man
nalytical expressions are obtained for the ela
roperties of two- and three-phase composites

he basis of the shear-lag model, which permit
stimate the stress transfer between phases and s
elocities of mantle rocks as a function of the volu
ractions of its main constituents. Coefficients
hermal expansion of polymineralic rocks are obtai
rom systematics on theP–T dependence of volum
f its constituents, and applying an appropriate rul
ixtures. Representative values and related unce
c

3) Oceanic lithosphere. The amplitude of the var
ation in the CTE is larger here than in the ot
domains, due to the higher content of olivine
steeper geotherms in these areas. In young p
(�20 Ma), values of the CTE vary non-linea
from (3.25 to 3.82)× 10−5 K−1 at pressure
corresponding to depths of 10 and 50 k
respectively. In old lithospheres (∼100 Ma),
the CTE is moderately smaller, with predic
values in the range of (3.04–3.7)× 10−5 K−1

at 10 and 80 km, respectively. Using ty
geotherms, good approximation for young and
plates can be obtained with polynomial formu
α(z) = 3.5× 10−5 + 7.2× 10−8z− 2.78× 10−4z−2

and α(z) = 3.11× 10−5 + 7.9× 10−8z− 1.5×
10−4z−2, respectively, wherez is in km. In the
case of young oceanic lithosphere the P-w
velocity decreases from∼8.14 to 8.05 km s−1 in
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the first 30 km, from where it follows a nearly
constant path downwards. For old lithospheres,
a systematic reduction in P-wave velocities from
∼8.2 to 8.09 km s−1 is predicted at 10 and 80 km,
respectively. However, the spinel–garnet phase
transformation and uncertainties in the thermal
field complicate estimations of P-wave velocities
in these regions.

(4) The effects of compositional heterogeneities
on topographic elevation and geoid height are
particularly noticeable in Archean lithosphere,
yielding differences(E�300 m and(N∼ 6 m,
respectively, when compared to a reference model
with a CTE standard value of 3.5× 10−5 K−1.
These differences are reduced for Phanerozoic
and oceanic lithosphere, which show variations
(E�40 m and(N�0.25 m for the considered
lithospheric thicknesses. Variations in the elastic
properties of the lithospheric mantle produce
P-wave anomalies of∼4% in Archean litho-
sphere, and�0.3% for Phanerozoic and old
oceanic lithospheres. While the anomalies for
Archean lithosphere are certainly significant,
those for Phanerozoic and oceanic lithospheres
are within the range of experimental and thermal
uncertainties, and therefore much less conclusive.

This study shows that significant differences in
lithospheric modelling can arise from neglecting man-
tle compositional heterogeneities, and temperature and
p lling
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Appendix A. Stress transfer equations

Force equilibrium in the system (Fig. 1) requires
that

2
∫ r1

0
rσf (x) dr + 2

∫ R

r1

rσm(x, r) dr = R2σa (A1)

dσf (x)

dx
= −2τ(r1, x)

r1
(A2)

r
∂σm(x, r)

∂x
+ r

∂τ(x, r)

∂r
= −τ(x, r) (A3)

2πr1τ(r1, x) = 2πrτ(r, x) (A4)

whereτ(r,x) andσm(r,x) are, respectively, the shear and
axial stress in the matrix, andτ(r1,x) is the shear stress
at the matrix–fibre interface.

Hooke’s law holds each phase, and therefore we can
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ressure effects on important parameters contro
eismic wave velocities, isostasy, and potential fie
etailed seismic tomography studies and xenolith

ormation should be integrated with gravity and ge
nomalies, elevation, and thermal modelling to exp
ossible compositional heterogeneities in the li
pheric mantle and to better understand the geodyn
volution of lithospheric plates.
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f(x) = Ef
duf (x)

dx
(A5)

m(r, x) = Em
∂um(r, x)

∂x
(A6)

∂um(r, x)

∂r
= 1

Gm
τ(r, x) = 2εs (A7)

hereEf ,Em,Gm,uf (x),um(r,x), andεs are the Young’
odulus of the fibre, the Young’s modulus of the m

rix, the shear modulus of the matrix, the axial displa
ent of the fibre, the displacement of the matrix,

he shear strain of the matrix, respectively. The a
tress in the fibre is independent ofr, and thusuf (x)
ndum(r,x) must be equal atr = r1 (i.e. no interfacia
liding).
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Combining Eqs.(A4) and(A7), and integrating, we
obtain (e.g.Hull and Clyne, 1996):

τ(r1, x) = (um(R, x) − um(r1, x))Gm

r1 ln
(
R
r1

) (A8)

whereum(R,x) andum(r1,x) are the axial displacements
of the matrix atr =Randr = r1, respectively, for a given
value ofx. Combination of Eqs.(A4), (A7), and(A8)
gives

ln
(
R
r1

)
(um(R, x) − um(r1, x))

∫ um(r,x)

um(r1,x)
du =

∫ r

r1

dr

r
(A9)

from which um(r,x) can be calculated. Assum-
ing an isotropic behaviour for the matrix (i.e.
Gm =Em/2(1 +νm)), substitution ofum(r,x) from Eq.
(A9) into (A6) yields

σm(r, x) = Em
dum(r1, x)

dx

+
(
Em

dum(R, x)

dx
− Em

dum(r1, x)

dx

)

×
ln
(

r
r1

)
ln
(
R
r1

) (A10)

Recalling that [dum(r1, x)/dx] = [duf (x)/dx], Eq.
(A5) permits to rewrite Eq.(A10) as

σ
E

(
du (R, x) E

)

a

a function ofσf (x), the following differential equation
is obtained:

d2σf (x)

dx2
= σf (x)HS

EfR2
− Hσa (A13)

where

H = R2

r2
1(1 + νm)

〈
R2 ln

(
R
r1

)
− (R2−r2

1)
2

〉 (A14)

and

S = r2
1Ef + (R2 − r2

1)Em (A15)

The general solution of Eq.(A13) is of the form
σf (x) =σfH(x) +σfP(x), whereσfH(x) is the solution of
the homogeneous part andσfP(x) is the solution of the
non-homogeneous part (e.g.Kreyszig, 1988). It can be
proven that such a solution can be written as

σf (x) = R2Efσa

S
+ C1 cosh(βx) + C2 sinh(βx) (A16)

where

β =
√

SH

R2Ef
(A17)

The two constantsC1 andC2 are determined by
applying appropriate boundary conditions. Similarly,
from Eqs.(A2) and(A16) we find

τ 1

a
v

C

C

w
f

m(r, x) = m

Ef
σf (x) + Em

m

dx
− m

Ef
σf (x)

×
ln
(

r
r1

)
ln
(
R
r1

) (A11)

Using Eq.(A1), we find

dum(R, x)

dx

=
R2σa +

〈(
r2
1 − R2−r2

1
2 ln(R/r1)

)
Em
Ef

− r2
1

〉
σf (x)

Em

〈
R2 − R2−r2

1
2 ln(R/r1)

〉
(A12)

Finally, differentiating Eq.(A2) with respect tox,
nd manipulating Eqs.(A4)–(A8) to expressτ(r1,x) as
f (r1, x) = −2r1β[C2 cosh(βx) + C1 sinh(βx)] (A18)

Applying the following boundary conditions

σff (L) = σa; σf (l) = σff (l);

τf (r1, l) = τff (r1, l); τf (r1,0) = 0 (A19)

nd using Eqs.(A16)–(A18), and(3)–(5), we find the
alues for the constantsC1 andC2

1 = 2
σa(R2−r2

1)(Em−Ef )
S〈

2 cosh(βl) − β{2 sinh(βl)[exp(βf l)−exp(βf (2L−l))]}
βf{exp(βf l)+exp[βf (2L−l)]}

〉
(A20)

2 = 0 (A21)

hich allows us to rewrite Eqs.(A16) and(A18) in the
orm of Eqs.(1) and(2) (see alsoHsueh, 1995).
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Appendix B. Young’s modulus of composites

The derivation of the Young’s modulus from Eqs.
(1)–(9) can be done by two different approaches: (a)
using average stresses and strains, or (b) using average
displacements.

(a) The fundamental equation describing the modulus
of the composite can be written as (e.g.Nair and
Kim, 1992):

Ec = (1 − ff )σ̄m + ff σ̄f

ε̄c(a)
(B1)

whereε̄c(a) is the average strain of the composite,
σ̄m is the average stress in the matrix,σ̄f is the
average stress in the fibre, andff is the volume
fraction of the fibre. The average strain is

ε̄c(a) = ff
σ̄f

Ef
+ (1 − ff )

σ̄m

Em
(B2)

and the average stresses in both the matrix and fibre
can be expressed as

σ̄m =

2π
〈(∫ l

0

∫ R
r1
rσm(x, r) + ∫ L

l

∫ r1
0 rσff (x)

+ ∫ L
l

∫ R
r1
rσm(x, r)

)
dr dx

〉
(L − l)R2π + lπ(R2 − r2

1)
(B3)

al

s act-
s

trix.
rm
ing

σff (x)

lπ(R

Finally, combining Eqs.(B2), (B4), and(B5), and
substituting into Eq.(B1), the Young’s modulus of
the composite can be calculated.

(b) The fundamental equation in this approach is the
usual relation

Ec = σa

ε̄c(b)
(B6)

whereσa is the stress applied to the unit cell, and
ε̄c(b) is the average strain of the composite, here
expressed as (Hsueh, 2000):

ε̄c(b) = wo

L
(B7)

whereL is the length of the unit cell (seeFig. 1) and
wo is the average displacement atx=L. The value
of L andRas a function of the volume fraction of
the fibre is calculated as (Hsueh, 2000):

L = lf
2p−1
f ; R = rf

−p

f ;

p = 1

2
− 1

6
exp

( −l

5r1

)
(B8)

The average displacement atx= l can be expressed
as

wl = 2

R2

(∫ l

0

∫ r1

0
r
σf (x)

Ef
+
∫ l

0

∫ R

r1

r
σm(x, r)

Em

)
dr dx

(B9)

t

w

he
m i-
n e
u
f

σ̄f = 2π

πr2
1l

∫ l

0

∫ r1

0
rσf (x) dr dx (B4)

The first integral in Eq.(B3) represents the tot
stress acting in a volume equal tolπ(R2 − r2

1); the
two second integrals represents the total stres
ing in a volume equal to (L− l)πR2. The stresse
σf (x) andσff (x) are given by Eqs.(1) and(3), re-
spectively. The functionσm(x,r) in Eq. (B3) de-
scribes the variation of the stress in the ma
However, there is no need to know the explicit fo
of this function, since it can be eliminated by us
the equilibrium condition expressed in Eq.(A1).
The combination of Eqs.(A1) and(B3), yields

σ̄m =
2π
〈∫ l

0

(
R2σa

2 − ∫ r1
0 rσf (x) dr

)
dx + ∫ L

l

∫ r1
0 r

(L − l)R2π +

dr dx + ∫ L

l

(
R2σa

2 − ∫ r1
0 rσf (x) dr

)
dx
〉

2 − r2
1)

(B5)

Similarly, the average displacement atx=L relative
o x= l is

L = 2

R2

(∫ L

l

∫ r1

0
r
σff (x)

Em
+
∫ L

l

∫ R

r1

r
σm(x, r)

Em

)

× dr dx = (L − l)σa

Em
(B10)

Again, the explicit formulation of the stress in t
atrix σm(x,r) is not required, since it can be elim
ated by using Eq.(A1). The total displacement of th
nit cellwo is the sum of Eqs.(B9) and(B10). There-

ore, combining Eqs.(B7), (B9), (B10), (1)and(3), and
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substituting them into Eq.(B6), we finally obtain the
expression for the Young’s modulus of the composite
as

Ec = Lσa

〈
Lσa

Em
+
(

2A sinh(βl)

β
+ lR2Efσa

S

)

×
(

1

Ef
− 1

Em

)
r2
1

R2

〉−1

(B11)

whereS, β, andA are given by Eqs.(A15), (A17) and
(7), respectively.
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